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* About SVM
« SVM is original a binary W= Wl] X = [x1]
classifier by a decision function
fx)=wlx+b N

Lt f(x)>0
YTl i f(x)<0

« w: normal vector of hyperplane
e b: bias of hyperplane — -Lfx)<0T>x
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e About SVM

* SVM 1s a kind of supervised machine learning.

* SVM hyperplane is derived by a given training dataset

 All training samples are well labelled.
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Introduction

* [dea: Maximal Margin
* SVM hyperplane 1s the one that maximizes the

margin around the separating hyperplane

. X2 Support Vectors e
wider , PP A narrower
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* Hyperplane Determination .., Margin
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Formulation
@
Lagrange Multiplier
Introduction
@
Lagrange Multiplier

Solving
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Normal Vector and Bias
Computation
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* Formulation Description

* Given: A training dataset D consists of N
training samples

— N
* X;: feature vector of ith training sample

* t; € {+1, —1}: label of ith training sample

o ={([3].-1). (lg--1)- (5] -+
(o) =) (I5] +1)} e

kfustce



Maximum Margin
Formulation

* Formulation Description

» Goal: find an optimal hyperplane W'x + b = 0
that has maximal margin

1-(-1
4 d(Ll;LZ):l - L)l

| (wi|||wl|
~_ ) ,
~~~~~~ . (v’\?b) = argmaxy p
) Li:w'x+b=+§ |[wl]
~~~~~ IS " T — 1 2
—o—+—— LW KF B =trgminy,, - |Iwl
TLywlx+b=—
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* Formulation Description

* Condition: all training samples have to be

correctly classified.

Li:wix+b=+1

Maximum Margin
Formulation

f&x) =wlx;+b=>+1

fx)=wlx;+b <-1

/N

ti(wTX,-+b)—1 >0 vi=1,2..N
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Maximum Margin
Formulation

* Formulation Description
» Given: A training dataset D = {x;,t;}14
consists of N training samples

* Goal: find an optimal hyperplane wWix+b=0

* Condition: all tralmng samples have to be
eorrectly classified.
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* Formulation: Example

Given: D= {([].-2) (). -1). (] +1)

~ i1 :
e Goal: (W,b) = argminw,bEElelz

 Three Conditions:
[ aar -T —a- \
c(—1)><(w1+w2+b)—1 >0 e
\ - - /

(+1) X 2w+ 3w, +b)—1>0
. \trred wos

e(—1)><(2w1+b)—120 =0
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Formulation

* Karush-Kuhn-Tucker (KKT) Condition

* minimize f(X) subject to inequality conditions
g(x) = 0 is to optimize Lagrange function

L% A) = f() —2g (%)

e« KKT Conditions: Lagrange Multiplier
aLgX'A) =0 A=0 Ag(x) =0
X
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* Karush-Kuhn-Tucker (KKT) Condition

r91 (x)

1%:3;2 9
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Maximum Margin
Formulation

* Karush-Kuhn-Tucker (KKT) Condition
* Goal: (W,b) = argmin,,, % ||w||2

» Condition: t;(w'x;+b)—1=0 Vvi=1,2,..N

e KKT Conditions:

OL(w,b, 2
© oLw.b ) _ ) ©iwby _
ow ob

© L=0 vi=12..N
O L(ti(w'x;+b)-1)=0 Vi=12,..N
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* KKT Condition: Example

e Goal: (W,b) = argminy, , > ||W||2

e Conditions: (-1) x (wy +wy, +b)—1>0
(1) x2wy+b)—12>0
(+1)x2w1+3w,+b)—1>0

e Lagrange Function 91(x)

Al(z( 1) X (wy +wy+b)— 1) +\

Lw,b,2) =5 |iwi[* =Y '1%.@...1?.?5.&?.’.?.1..1?.?.:..1)...:?.2 ()
/13((4—1) X (2wq + 3w, + b) —
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Formulation

* KKT Condition: Example
* KKT Conditions:

w 0§ ST
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Mz0 5/11((—1)><(w1+w2+b)—1)=0
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* w and b Elimination

N
1

L(w,b, 1) =—||w||2 — ) A; X (ti(wai+b)—1)
2 i=1

OL(w,b,2) 0
ob B
dL(w, b, 1)
=0
ow
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* w and b Elimination

N

1 m

L(w,b,2) = | Iwll* = ) A; x (t:(w"x; + b) = 1)
i=1

1=
o
o
I
-]
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1 2 . =1
§||W|| — Aitiw X +/1itib _Ai
=1 —w —0
[ N N N ]
_1 2 T
—E“W” — W Z/litixi"i‘bz&iti—zli
| i=1 i=1 =1 |
1

N N
1
—§||W||2_||W||2+Z/1i =zﬂi—§||w||2
i=1 i=1
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Dual Representation

* w and b Elimination

— wlw

N
L(w,b,2) = ZA Al =3 2, - Larw
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e Dual Form

Dual Representation

» Goal: maximize Lagrange function L(A) that is
quadratic function of A

Z(A)=§:Ai— zz:l)tttx X;
=1

e Conditions:

° /ILZO

N
i Z/liti == O
i=1

i=1j=

Vi=1,2,..

N

A

L(A)=al*+bA+c

i
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* Dual Form: Example
+ Given: 2 ={([3].-1).([¢]- -1)- (G- +1)}

N N
N N N 2A A, — 5 A
By 1 . II_ 17\2 1 3 Aﬁtlt Xl X:
iﬂ@i?ﬁﬁ@zﬁ.. (2;%%4% 4hohs + ) ZJZ e

o 5Ag Az 4)\2;\3..4?..1. 3.)\.2 ................................................ :

-1-T 1 17 12 17127 L\
(MM EDED[ L+MM(1x1yL_O+MM(rmH)L_3+\;

L 21 1] 21" [2] 21712 4 |
2 LM (D) ol 11 + 220, (=1D(-1) ol ol + A23(=1)(+1) ol I3lT
217 11 217 2] 21" 2] |
VannED ][] +aneneEn ] i+ amscoen ][5 /5



Dual Representation

* Dual Form: Example

+Given: D= {([X~1). (- -2).(1F +1)}

» Goal: maximize Lagrange function L(1)

1 ZA% + 2)\1%2 - 5)\1%3 +
L) =M +2, +25— S| 2MA + 423 — 4X,05 +

o —5M Az — 4A,A5 + 1322
 Conditions:

3
>
)11_0 Zﬂ,itizlltl‘l‘/’{ztz +/13t3:0
/12 2 0 i=1
A3 =0 (DA + (DA + (+DA3 =0
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* w Computation

* solve the quadratic programming problem to find
the Lagrange multipliers {4;|]i = 0,1, ..., N}

e compute W = Yo, A; t;X;

A

1 2
A3 =% 2 1 2
i 5 _ - . .
1 e w ==X ( 1)><[1]+0><( 1)x[0]
T 2 2 2 417
Ny Py gy < [2] = ’_ _]
7407 5 +5xGDx 3] =[5 3
I Q ),Zl _ b » X1 @
\—l. Mf 'r23
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* b Computation

* compute b using support vectors (A; # 0)
t; = —1 (wlx; +b) = -1
or t;=+1 (wTx; + b) = +1







