
Support Vector Machine (SVM)
Two Separable Classes

1

Speaker: Shih-Shinh Huang

Version: v011

Date: February 28, 2021



Outline

• Introduction

• Maximum Margin Formulation

• Dual Representation

• Hyperplane Derivation

2



x1

x2

Introduction

• About SVM
• SVM is original a binary 

classifier by a decision function 
𝑓 𝐱 ൌ 𝐰୘𝐱 ൅ 𝑏

• 𝐰: normal vector of hyperplane

• 𝑏: bias of hyperplane
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Introduction

• About SVM
• SVM is a kind of supervised machine learning.

• SVM hyperplane is derived by a given training dataset
• All training samples are well labelled. 
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Introduction

• Idea: Maximal Margin
• SVM hyperplane is the one that  maximizes the 

margin around the separating hyperplane
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Introduction

• Hyperplane Determination
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Maximum Margin 
Formulation

• Formulation Description
• Given: A training dataset consists of 

training samples

• 𝐱௜: feature vector of  𝑖th training sample

• 𝑡௜ ∈ ሼ൅1, െ1ሽ: label of 𝑖th training sample
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Maximum Margin 
Formulation

• Formulation Description
• Goal: find an optimal hyperplane ்

that has maximal margin
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Maximum Margin 
Formulation

• Formulation Description
• Condition: all training samples have to be  

correctly classified.
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Maximum Margin 
Formulation

• Formulation Description
• Given: A training dataset ௜ ௜ 𝒊ୀ𝟏

𝑵

consists of training samples

• Goal: find an optimal hyperplane ்

• Condition: all training samples have to be  
correctly classified.
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Maximum Margin 
Formulation

• Formulation: Example

• Given:

• Goal:

• Three Conditions:

11

𝑫 ൌ 𝟏
𝟏 , െ𝟏 , 𝟐

𝟎 , െ𝟏 , 𝟐
𝟑 , ൅𝟏

െ𝟏 ൈ
𝒘𝟏
𝒘𝟐

𝑻 𝟏
𝟏 ൅ 𝑏 െ 𝟏 ൒ 0

െ𝟏 ൈ
𝒘𝟏
𝒘𝟐

𝑻 𝟐
𝟎 ൅ 𝑏 െ 𝟏 ൒ 0

൅𝟏 ൈ
𝒘𝟏
𝒘𝟐

𝑻 𝟐
𝟑 ൅ 𝑏 െ 𝟏 ൒ 𝟎

𝐰ෝ, 𝑏෠ ൌ argmin𝐰,௕
1
2 𝐰 ଶ

െ𝟏 ൈ 𝒘𝟏 ൅ 𝒘𝟐 ൅ 𝒃 െ 𝟏 ൒ 0

൅𝟏 ൈ 𝟐𝒘𝟏 ൅ 𝟑𝒘𝟐 ൅ 𝒃 െ 𝟏 ൒ 𝟎

െ𝟏 ൈ 𝟐𝒘𝟏 ൅ 𝒃 െ 𝟏 ൒ 0

1

2

3



Maximum Margin 
Formulation

• Karush-Kuhn-Tucker (KKT) Condition
• minimize subject to inequality conditions 

is to optimize Lagrange function 

• KKT Conditions: 
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Maximum Margin 
Formulation

• Karush-Kuhn-Tucker (KKT) Condition

• Goal:

• Condition:

• Lagrange Function:
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Maximum Margin 
Formulation

• Karush-Kuhn-Tucker (KKT) Condition

• Goal:

• Condition:

• KKT Conditions:

14

𝐰ෝ, 𝑏෠ ൌ argmin𝐰,௕
1
2 𝐰 ଶ

𝑡௜ 𝐰𝑻𝐱𝒊 ൅ 𝑏 െ 𝟏 ൒ 𝟎      ∀𝒊 ൌ 𝟏, 𝟐, … 𝑵

𝜆௜ 𝑡௜ 𝐰𝑻𝐱𝒊 ൅ 𝑏 െ 𝟏 ൌ 𝟎

𝜆௜ ൒ 𝟎 ∀𝒊 ൌ 𝟏, 𝟐, … 𝑵

∀𝒊 ൌ 𝟏, 𝟐, … 𝑵

𝜕𝐿ሺ𝐰, 𝑏, 𝜆ሻ
𝜕𝐰 ൌ 0

𝜕𝐿ሺ𝐰, 𝑏, 𝜆ሻ
𝜕𝑏 ൌ 01 2

3

4



Maximum Margin 
Formulation

• KKT Condition: Example

• Goal:
• Conditions: 

• Lagrange Function
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Maximum Margin 
Formulation

• KKT Condition: Example
• KKT Conditions:
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• and Elimination

Dual Representation
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Dual Representation

• and Elimination

18

෍ 𝜆௜

ே

௜ୀଵ

𝑡௜ ൌ 0

𝐰 ൌ ෍ 𝜆௜

ே

௜ୀଵ

𝑡௜𝐱௜

𝐿 𝐰, 𝑏, 𝜆 ൌ
1
2 𝐰 ଶ െ ෍ 𝜆௜

ே

௜ୀଵ

ൈ 𝑡௜ 𝐰𝑻𝐱𝒊 ൅ 𝑏 െ 𝟏

ൌ
1
2 𝐰 ଶ െ ෍ 𝜆௜𝑡௜𝐰்𝐱௜

ே

௜ୀଵ

൅ 𝜆௜𝑡௜𝑏 െ 𝜆௜

ൌ
1
2 𝐰 ଶ െ 𝐰் ෍ 𝜆௜𝑡௜𝐱௜

ே

௜ୀଵ

൅ 𝑏 ෍ 𝜆௜𝑡௜

ே

௜ୀଵ

െ ෍ 𝜆௜

ே

௜ୀଵ

ൌ 0ൌ 𝐰

ൌ
1
2 𝐰 ଶ െ 𝐰 ଶ ൅ ෍ 𝜆௜

ே

௜ୀଵ
ൌ ෍ 𝜆௜ െ

1
2 𝐰 ଶ

ே

௜ୀଵ



Dual Representation

• and Elimination
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Dual Representation

• Dual Form
• Goal: maximize Lagrange function that is 

quadratic function of 

• Conditions:
•

•
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Dual Representation

• Dual Form: Example

• Given:
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Dual Representation

• Dual Form: Example

• Given:

• Goal: maximize Lagrange function 

• Conditions:
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Hyperplane Derivation

• Computation
• solve the quadratic programming problem to find 

the Lagrange multipliers { ௜

• compute  ௜
ே
௜ୀଵ ௜ ௜
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Hyperplane Derivation

• Computation
• compute using support vectors ( ௜ )
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